An attempt is made to examine theoretically, the properties of para magnetic alums at low temperatures. The model taken is a lattice of freely suspended magnets, all interactions except purely magnetic being neglected. Even with this simplification it is impossible at present to make rigorous calculations of the partition function, either on classical or quantum lines. A simple model is proposed, which is really a generalization of the BraggWilliams theory enabling one to take account of the effect of a magnetic field. The few configurations whose energies are known are used to fix arbitrary constants in the expression assumed for the energy. The theory predicts that the state of lowest energy is either a spontaneously magnetized state for a long thin specimen, or a state in which alternate rows of magnets point in opposite directions for a sphere, spontaneous magnetization appearing in an ellipsoid with an eccentricity greater than a certain critical value. The transition curve bounding the region in which the antiparallel state is stable consists partly of a line of Curie points corresponding to transitions of the second order, passing smoothly into a line of critical points corresponding to a transition of the first order. The effect of shape on the magnetic pro perties of the specimen seems to be experimentally verified, but the rough nature of the theory prevents it being more than qualitative.
Introduction
A paramagnetic alum consists of a crystal containing a large number of molecules of water of crystallization. The paramagnetic ions are therefore some distance apart and their interactions are therefore small. The struc ture of the crystal is usually either face-centred or body-centred cubic, so th a t we may expect the crystalline field to have'a high degree of symmetry. I t therefore seems permissible as a first approximation to regard a para magnetic alum as a cubic lattice of freely suspended magnetic dipoles. I t is precisely this fact th at the ionic magnets are so nearly free th at makes the paramagnetic alums so valuable for obtaining very low temperatures. In what follows we shall neglect all interactions except the purely dipoledipole interactions between the paramagnetic ions themselves. Even with this simplification, the problem remains exceedingly complicated, owing to the peculiar form of the interaction between the dipoles, the interaction energy being strongly dependent on the inclination of the dipoles to the line joining them, as well as on their inclination to one another. A well known consequence of this is that, if we have two dipoles pointing in the same direction along the line joining them, they are in a state of minimum potential energy, and there is a potential barrier even between this state and the state in which both dipoles are reversed. Temperley (1940) has shown th at this peculiarity may perhaps explain the curious hysteresis effects discovered in iron alum a t temperatures above the Curie point by Shire and Barkla (1939) .
I t is generally accepted th a t ferromagnetism in metals is due to exchange interactions. Unlike the dipole forces, the interaction between spins coupled only by exchange forces depends only on their inclination to one another. Another difference is th a t exchange energies fall off practically exponentially with distance, whereas dipole-dipole interactions only fall off as the inverse cube of the distance. Thus, in a metal the exchange inter actions are very large compared with the purely magnetic interactions, but in a paramagnetic alum this situation is probably reversed. W ith exchange interactions only, it is a good approximation to neglect all interactions except those between nearest neighbours, whereas if we orient magnetic dipoles properly, we can get a state in which the magnetic field a t a given point diverges logarithmically with an infinite crystal, which means th at size and shape may be expected to be important. Owing to these fundamental differences, we shall not be surprised if the properties of a paramagnetic salt below its Curie point are not the same as those of a ferromagnetic metal.
The configurational energy
In spite of the fact th at the form of the interaction we have assumed is perfectly definite, it has so far proved impossible, owing to the difficulties we have already mentioned, either to enumerate states of equal energy, or even to calculate the energies of specified states, though Sauer (1940) has obtained expressions for the energies of certain special configurations. From this it is obvious th a t anything approaching a rigorous statistical treatm ent is, as usual, impossible, and it is necessary to make fairly drastic assumptions. Sauer's (1940) results suggest th a t the state of lowest energy for a spherical specimen is one in which alternate rows of dipoles point in opposite directions. (We are assuming for simplicity th a t each spin has only two possible eigenstates.) We also assume th a t the energy of a given state is, to a first approximation, a function of the parameters $l5 S2 defined th u s : We divide the spins into two sets according to their direction in the lowest energy state and let Sv S2 be the number of spins in the two sets which have to be reversed in order to arrive a t the state starting from the antiparallel state of lowest energy. Now, if is different from S2 the specimen has a net magnetization in one direction, and we get a term in the energy -2/t.fir($1 -S2) due to the external magnetic field H, and a further term due to the appearance of magnetic poles on the specimen. I f we assume the Lorentz form for the 'local field', an assumption th a t we shall discuss later on, we get a further term in the expression for the energy 4:7f of the form -2/i2v(S1 -S2)2, where v is given by --n and n O magnetizing coefficient along the longest axis of the specimen. Next, con sider a state in which Sx = S2. The two terms and the departure of the specimen from the lowest energy state is measured by (8X + S2). The simplest assumption we can make about the change of energy is the Bragg-Williams approximation. According to this, the rate of change of the energy with (S1 4-S2) will be proportio ($i + S ,j ) small, but will fall off as (Sx + S2) becomes larger. If N is the total number of spins, and we have Sx = S2 = it is clear th a t we recover the original antiparallel state. The simplest form th a t we can assume for the energy change th a t shall be consistent for both small and large (Sx + S2) is a term proportional to (%N -{Sx + S^)2. I t is not difficult to see th a t this assumption is precisely equivalent to the Bragg-Williams approximation, the quantity (%N -{Sx + S^) corresponding to their long-range order.
So far, the introduction of a Bragg-Williams type of approximation is exceedingly tentative. We have only made our formula check up for very special values of Sx and S2. Let us put Sx = S2 = JjV. This state corresponds to a disordered state in the ordinary theory, and it will be such th a t the original antiparallel structure is completely broken up.
Since Sx = S2 this state has no net magnetization, and it follows th a t there is also no trace of the spontaneously magnetized state. Since both types of ordered structure are broken up, we should expect th a t this state has no interaction energy. If we consider the spontaneously magnetized state for the case of, e.g., a spherical specimen, we find th a t the interaction energy is also zero. (This result can be established by writing down the expression for the total interaction energy and applying symmetry con siderations, and it also follows if we assume the Lorentz expression for the local field, but it is emphasized th at no special assumption about the local field need be made.) If we inspect the expression for the energy of a spherical specimen th a t we have assumed, we find indeed th a t it predicts
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equal energies for the parallel and disordered states. Thus, we have sue ceeded in checking our formula in the middle of the ranges of Sx and as well as at the ends. Sauer's (1940) calculations give the value 1-8 for the energy required to change the antiparallel state into the parallel state in a spherical specimen. This value holds for either a body-centred or facecentred cubic lattice. If we take this value, our expression for the con figurational energy in terms of and S2 is
where N is the number of ions per c.c. and /i their magnetic moment.
The partition function
Since Sv S2 each run from zero to %N, it follows th a t the statistical weight of the state (SVS2) is
The partition function is given by
We now apply the usual procedure of searching for the maximum term with regard to Sv S2, since this term corresponds to the equilibrium state. icit equations for S and S2 in terms of H, T and v
By combining these two equations we get
where A = 1-2/j,2 and F = H + v I . If Ha nd v are b reduces to the exact form of the Bragg-Williams theory for the case in which two components of an A B alloy are present in equal proportions. We now study the more general case in which H and v differ from zero.
Equation (6) is satisfied automatically if = 0. If we assume for the moment th a t the configuration corresponding to this case is stable, equation (7) 
Thus, the assembly behaves according to the ordinary Weiss theory of ferromagnetism, provided th a t x = 0, i.e. th a t the antip stable. For high temperatures we have a disordered state, as in the ordinary Bragg-Williams theory, and for large fields a state in which the specimen is magnetized to saturation. These results are w hat we should expect physically, and we deduce th a t the antiparallel state can only be stable, if a t all, if both H and T are small. We therefore have three distinct states, and wish to determine the phase diagram. As we have three independent variables H, T and v, it would seem th a t we require a three-dimensional phase diagram.
Fortunately, m atters can be simplified if we consider the two variables T and F, where
If we do this, we can restrict our pha gram to two dimensions without suppressing any information.* This arises from the fact th a t equations (6) and (7) only involve H and v through F. I t may also be pointed out th at this treatm ent removes the necessity for making assumptions about the local field, since we might also develop the theory by considering th a t each dipole was subject to the total field F. I t will be necessary to reintroduce some assumption about F, since we cannot measure it, but can only measure H and I. F is a more fundamental physical quantity than H, but equations involving F cannot be interpreted experimentally.
The critical temperature
If we consider F and T as the independent variables, the behaviour of the assembly is governed by equations (6) and (7) and for zero F we get a critical temperature corresponding to a phase change of the second order, given by Tc° = \N Xjk. For F small, the equation determining the critical temperature is obtained by differentiating equation (6) with respect to x and then putting x = 0 which gives us T NX 1 c k 1 + cosh (2pF/kTey which can be solved numerically. There is no re-entrant portion in a graph of the right-hand side of equation (6) as long as cosh (2 < 2, but a re-entrant portion appears for larger values of The critical tem perature will then no longer be given by equation (9), but is determined instead by the rule of equal areas. In other words, we now have a first-order transition involving a finite latent heat, and discontinuous jumps in Sx and S2. We can continue the critical curve graphically by using the usual rule of equal areas. This portion of the critical curve rapidly approaches the vertical line given by 4/iF = NX.
We have now succeeded in finding the critical curve within which the antiparallel state can exist. Equation (7) shows th a t outside the an ti parallel region I or (Sx -S2) is a perfectly smooth function of both F and T, while it is fairly easy to see th a t this must also be true inside the an ti parallel region, for, since there is no discontinuity in (Sx + S2) there can be no discontinuity in (Sx -S2) either. There is therefore no sharp critical curve separating the disordered state from the spontaneously magnetized state, but the transition is gradual and continuous. The whole critical curve is plotted in diagram 1 together with two sets of contours along which either x or I is constant. These can easily be computed from equations (6) and (7).
The effect of varying the shape of the specimen
If we could observe F experimentally, the shape of the specimen would not be relevant, since any changes in v are automatically taken care of. In practice, we observe H and I. If we assume the Lorentz local field, we have F = H for a sphere, and figure 1 will show the critical curve. If we consider only the case in which H is directed along the longest axis of the specimen (v positive), any other directions of H being outside the scope of this theory, it is evident that, as v increases, the term -2jiiv(S1 -S2)i in the energy favours the parallel state a t the expense of the other two states. We shall therefore expect the region on the ( H -diag parallel state can exist to shrink as v increases. I t is not easy to calculate the exact form of the critical curve for finite v, but we can deduce th at, on account of the form of the'energy, the field Hc° which makes the parallel and antiparallel states equally stable at absolute zero is given by This vanishes for = 3*6 corresponding to an ellipsoid of axis ratio approxi mately 6:1. The antiparallel state cannot exist at all for a more elongated specimen than this. The critical temperature for the appearance of spon taneous magnetization is then given by equation (8) and is equal to N[i2vjk. For H zero and v less than 3-6 the critical temperature is in dependent of v. This follows from the fact th a t for H zero, the critical tem perature corresponds to a transition between the antiparallel and dis ordered states, for both of which we have {S1 -S2) zero from symmetry considerations if H is zero. The term containing v is then irrelevant. -
--------Curves of constant I.
A n approximate treatment of the effect of change of shape
We can give a slightly different, and perhaps clearer picture of the effect of varying the shape of the specimen, by assuming th at for any values of H and T, the partition function for, e.g., the antiparallel state may be approximated to by putting St and exactly equal to zero. We make analogous assumptions for the other states. This treatm ent is of course inaccurate at any finite temperature. I f we require the approximate equilibrium curve between two states, we equate the idealized partition functions. We have as usual lo g /( $ iA ) = -E(SV S2)/k T + log ot(£15 S2).
We may tabulate the three states as follows: For D we have S1 = S2 = ±N.
For P we have Sx = %NS2 = 0, or Sx 0, \ N .
Inspection of these partition functions gives us the following equilibrium conditions:
Between A and P :
Between D and P :
These three straight lines are plotted in figure 2 for the cases v = 0 and v = 1'8 and the more accurate critical curve for = 0 is also plotted. I t will be seen th at the approximate critical curve for = 0 is a fair representation of the more accurate curve. The feature we have already predicted, th a t the critical temperature for H zero is independent of v for values less than 3-6 appears here also. I t is reasonable to suppose th a t the approximate tre a t ment is also fairly accurate for non-zero
The appearance of a definite boundary between the phases P and D, which the accurate treatm ent shows to be spurious, is clearly due to the fact th a t we have idealized the phases excessively. Everywhere except in the antiparallel region the be haviour of the specimen is governed by equation (8), and, in spite of the fact th at this is an implicit equation for I, it is well known th a t is a con tinuous function of H and T, except possibly for H zero and T < N/Pvjk. Owing to the existence of the antiparallel state, we see th a t we can only get a sharp boundary between P and D if we have H zero, v > 3-6 and T < N /i2vjk. 0*14° K, compared with the observed value of 0*034° K (Kurti, Laine and Simon 1937) . We have neglected two points in our simplified treatm ent. We have assumed the full value of fi while still allowing only two eigen states for the ions, which means th at we have a hyperbolic tangent in (8) instead of the proper Brillouin function. For a magneton number of 5, the correction to the critical temperature is a factor of 7/ 15. If we apply this here, we reduce the theoretical critical temperature to about twice the ob served value. This further discrepancy was for a time unexplained, and has been used as an argument against the validity of the Lorentz local field.
The discrepancy was removed by Debye (1938) by taking account of the Stark splitting of the ionic levels due to the crystalline field. When no magnetic field is present, the sixfold degenerate level is split up into a four fold and a twofold level, with a separation of the order 0*0 If a magnetic field is applied as well, the degeneracy is removed, but it is possible to ob tain approximate expressions for the energies of all six levels. We can thus write down the partition function, and obtain the magnetic moment by differentiating with regard to H. If now we insert the Lorenz local field \ n l in place of H, we obtain an implicit equation for in zero field. If we study this equation numerically, we conclude th a t non-zero values of I are possible if T is less than the critical value 0*038° K., in satisfactory agree ment with the observed value.
The experimental evidence
There seems to be sufficient, though scanty, evidence for the existence of spontaneous magnetization below the Curie point (Kurti, Laine and Simon 1937; Ashmead unpublished) . Simon (unpublished) reports also th a t the Curie temperature does not vary much with shape, while Ashmead reports th a t there is no spontaneous magnetization in a sphere, except for a small effect possibly due to impurities etc., but th a t spontaneous magnetization does appear in an ellipsoid with (for iron alum) axes in the ratio of 1*8 to 1. This only agrees qualitatively with the predicted value of 6 to 1, but p art of the discrepancy is perhaps due to the fact th a t we have assumed th a t each ion has only two states. The theory seems to be in rough agreement with the known facts, but there has been very little work on tem peratures below the Curie point. Nor indeed is it easy to see what further predictions we could make from the theory, though it might perhaps be worth looking for the change from a second order to a first order transition as we go along the critical curve. A jump in ( d l / d H) should change sudde I above a value of H of the order of 150 gauss.
D iscussion
Van Vleck's treatm ent (1937) predicts th a t dipole-dipole interactions are incapable of producing ferromagnetism. A part from the experimental evidence, it must be pointed out th a t this treatm ent is based on an ex pansion of the partition function in powers of 1 /T, which m ust break down a t sufficiently low temperatures. We arrive a t a similar conclusion if we use the Onsager local field instead of the Lorentz, but there are theoretical objections to both forms. A part from the famous assumption (common to both, which we shall not attem pt to discuss) th a t it is legitimate to scoop out a small spherical cavity in the specimen and fix one's attention on a single dipole in the centre, there are other difficulties. Onsager's theory attem pts to take account of two features neglected by Lorentz. In the first place, the scooping out of the cavity would affect the polarization of the material, and so would the orientation of the single dipole a t the centre of the cavity. These two effects will diminish the Lorentz field \rrl to some smaller value.
The fundamental difficulty is th a t the problem is treated as static by both Lorentz and Onsager. Lorentz assumes (implicitly) th a t the central dipole changes its position so rapidly th a t it never has time to affect the polarization of the remainder of the medium, while Onsager makes the assumption th a t the central dipole remains in the same direction long enough for the remain der of the medium to settle down, and for the ' back-action ' of the dipole on the remainder of the medium to be treated statically. In actual fact, the two time intervals involved are probably of the same order of magnitude, so th a t the truth lies somewhere between the two extreme cases, and it is difficult to say which treatm ent should be nearer the truth. Debye's (1938) treatm ent using the Lorentz field seems to account for the facts satis factorily, and it seems premature to interfere with it, though the whole question of the " local field" is very obscure, and any results obtained using this conception must be received with great caution.
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